We give a complete answer to the question of (semi)stability of tangent bundle of any nonsingular projective complex toric variety with Picard number 2 by using combinatorial crietrion of (semi)stability of an equivariant sheaf. We also give a complete answer to the question of (semi)stability of tangent bundle of all toric Fano 4-folds with Picard number ≤ 3 which are classified by Batyrev [1] . We have constructed a collection of equivariant indecomposable rank 2 vector bundles on Bott tower and pseudo-symmetric toric Fano varieties. Further in case of Bott tower, we have shown the existence of an equivariant stable rank 2 vector bundle with certain Chern classes with respect to a suitable polarization.
G-bundles over any complex toric variety using two different approaches ( [4] , [21] , [22] ), where G is a complex reductive algebraic group.
In an unpublished preprint [24] , Klyachko gave a generalization of the above classification theorem for equivariant torsion free sheaves, and gave a sketch without all details. Thereafter, Perling introduced the notion of ∆-families {E σ m } σ∈∆,m∈M for any quasi-coherent equivariant sheaf E which is constructed from the T -eigenspace decompositions of the modules of sections, together with the multiplication maps for regular T -eigenfunctions. He showed that the category of ∆-families is equivalent to the category of equivariant quasi-coherent sheaves [34] . When the sheaf E is torsion free, corresponding ∆-family induces a family of multifiltrations of subspaces {E σ m } σ∈∆,m∈M on a fixed finite dimensional vector space E 0 satisfying certain compatibility condition (see Theorem 2.2.8) . Further if we restrict ourselves to reflexive sheaves then the entire Perling data becomes a family of increasing full finite dimensional filtered vector spaces (E 0 , {E ρ (i)} ρ∈∆ (1) ) without any compatibility condition, where E ρ m = E ρ ( m, v ρ ). Conversely any such family of filtered vector spaces corresponds to an equivariant reflexive sheaf [34, Theorem 5.19 ]. This crucial observation of Perling is the starting point of the paper. Further the first Chern class of an equivariant coherent sheaf can be computed from its associated ∆-family (see [29, From the uniqueness of the Harder-Narasimhan filtration it follows easily that the notions of semistability and equivariant semistability of an equivariant torsion free sheaf on a nonsingular projective toric variety are equivalent. Further, the notions of equivariant stability and stability also coincide for any equivariant torsion free sheaf(see [2, Theorem 2.1] ). When E is an equivariant reflexive sheaf, to determine its (semi)stability it is enough to consider equivariant reflexive subsheaves of E (see Remark 2. 3.2) .
The purpose of this paper is two fold. First we study (semi)stability of tangent bundle of a nonsingular projective toric variety with Picard number atmost 3 (in Section 4 and 5). Secondly we construct new examples of rank 2 equivariant vector bundles which are indecomposable or even stable over a large collection of nonsingular projective toric varieties of arbitrary dimension (in Section 6). Both these results rely on the key fact that one can combinatorially classify equivariant reflexive subsheaves of an equivariant reflexive sheaf (see Corollary 3.0.2) . This turns out to be central theme of the paper. In fact with this technique, theoretically it is possible to check (semi)stability of any equivariant torsion free sheaf on a nonsingular projective toric variety. But as the Picard number grows and the fan structure becomes more and more complicated, the task of computing degree of subsheaves becomes cumbersome. We hope one can write a computer program to check (semi)stability of any equivariant torsion free sheaf from its given combinatorial data and the fan structure of the toric variety with respect to any polarization.
Tangent bundles T X are natural examples of equivariant vector bundles on nonsingular toric varieties. The filtration data T , {T ρ (i)} ρ∈∆ (1) ,i∈Z associated to T X is relatively simple, it has a two step filtration of flag type (1, n − 1) for each ρ ∈ ∆(1) (see Corollary 2.2.17 ). The first main step of this paper is to show that equivariant reflexive subsheaves of T X are in one-one correspondence with induced subfiltrations F 0 , {F ρ (i)} ρ∈∆ (1) of T , {T ρ (i)} ρ∈∆(1),i∈Z . In fact this holds for all equivariant torsion free (respectively, reflexive) subsheaves of any equivariant torsion free (respectively, reflexive) sheaf (see Corollary 3.0.2) . This result is a natural generalization of [23, Proposition 4. 1.1] , where equivariant subbundles of an equivariant vector bundle were classified. We first apply this result to give a very simple proof of stability of tangent bundle of a projective space (see Proposition 4.1.1). Next we study (semi)stability of tangent bundle of a nonsingular projective toric variety with Picard number 2. A theorem of Kleinschmidt [9, Theorem 7. 3.7 ] tells us that any such variety X is isomorphic to P(O P s ⊕O P s (a 1 )⊕· · ·⊕O P s (a r )), where s, r ≥ 1, s + r = dim(X) and 0 ≤ a 1 ≤ . . . ≤ a r are integers. In this case, tangent bundle will be always unstable with respect to any polarization whenever (a 1 , . . . , a r ) = (0, 0, . . . , 0, 1) (see Theorem 4.2.2) . When (a 1 , . . . , a r ) = (0, 0, . . . , 0, 1), we give a necessary and sufficient condition for (semi)stability of tangent bundle with respect to any polarization (see Theorem 4.2.5) . As a corollary we give a complete answer to (semi)stability of tangent bundle with respect to anticanonical divisor −K X for any Fano toric variety with Picard number 2 (see Corollary 4.2.7) . This generalizes a very recent result of [2, Theorem 9.3] .
By the result of Kobayashi [28] and Lübke [30] , stability of tangent bundle with respect to −K X for a nonsingular Fano variety is considered to be algebraic geometric analogue of existence of Kähler-Einstein metric on a smooth manifold.
It is an open question if tangent bundle of a nonsingular Fano variety with Picard number 1 is stable with respect to −K X . Though the conjecture is known for many cases (see [36] , [35] , [18] , [39] , [11] etc.) , this question is wide open in general. If the Picard number is > 1, tangent bundle is not necessarily stable due to the geometry of contractions of extremal rays, for 3-folds this has been studied completely by Steffens [38] .
By the result described in previous paragraph we have settled this question completely for any nonsingular toric Fano variety with Picard number 2. In Section 5, we study (semi)stability of tangent bundle of nonsingular Fano toric 4-folds with Picard number 3. In [1] , [37] , Batyrev and subsequently Sato have given a complete list of isomorphism classes of all nonsingular Fano toric 4-folds. There are in total one hundred twenty four non-isomorphic toric Fano 4-folds.
Among them there are twenty eight isomorphism classes with Picard number 3, out of which eight are toric blow ups and nineteen of them are projectivizations of split vector bundle over a toric variety and the last one is neither a blow up nor a projectivization of splittable vector bundle. Among them six are stable, three are strictly semistable and rest of them have unstable tangent bundle with respect to the anticanonical polarization (see Table 1 , Section 5).
In Section 6, first we consider a class of nonsingular projective toric varieties, known as Bott
is defined inductively as an iterated projective bundle so that each stage M k of the tower is of the form P(O M k−1 ⊕ L) for an arbitrarily chosen line bundle L over the previous stage M k−1 .
Bott towers were shown to be deformation equivalent to Bott-Samelson varieties by Grossberg and Karshon in [13] . In this section we construct a collection (finite) of indecomposable rank 2 equivariant vector bundles over M k (k ≥ 2) (Proposition 6. We summarize our results as follows.
(1) Classification of equivariant torsion free (respectively, reflexive) subsheaves of a given equivariant torsion free (respectively, reflexive) sheaf.
(2) A simple proof for stability of tangent bundle of a projective space.
(3) A necessary and sufficient condition for (semi)stability of tangent bundle of a nonsingular projective toric variety with Picard number 2 with respect to any polarization. 
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Preliminaries and some basic facts
In this section we briefly review some basic definitions and results on toric varieties and torus equivariant sheaves which will be needed later.
Toric Varieties.
Let T ∼ = (k * ) n be the n-dimensional algebraic torus, where k is any algebraically closed field. A toric variety X of dimension n is a normal variety which contains
T as an open dense subset such that the torus multiplication extends to an action of T on X.
Toric varieties have a rich combinatorial structure which arises due to the action of the dense torus. We recall some basic facts about toric varieties which will be used in subsequent sections.
For more details see [9] , [12] and [31] . 
The T -invariant closed subvariety corresponding to a cone σ is denoted by V (σ), which is the closure of the T -orbit through x σ and dim V (σ) = n − dim σ.
We denote the set of all cones of dimension d in ∆ by ∆(d). Elements of ∆(1) are called rays.
Each ray ρ has a unique minimal ray generator which we denote by v ρ . Sometime we will use the ray ρ and its minimal generator v ρ interchangeably. Each ray ρ corresponds to a T -invariant prime divisor D ρ := V (ρ).
The following proposition on toric intersection theory will be extensively used in latter sections, while computing slope of equivariant sheaves over a toric variety. 
More generally, for distinct rays ρ 1 , . . . , ρ d ∈ ∆(1) we have
Here [V (σ)] denotes the rational equivalence class of V (σ) in the Chow ring A • (X).
We recall the fan structures of the following two classes of toric varieties which will be used in Section 5 while studying (semi)stability of tangent bundle of toric Fano 4-folds.
2.1.1.
Projectivization of direct sum of line bundles on toric varieties. Let D 0 , D 1 , . . . , D m be T -invariant Cartier divisors on a nonsingular toric variety X = X(∆). Then the fan ∆ ′ of . . , e i , . . . , e m ) for each 0 ≤ i ≤ m (henceforth by e i we mean that e i is omitted from the relevant collection). Let∆ be the fan in R m generated byσ i for 0 ≤ i ≤ m. [34, Lemma 5.3] ), hence we restrict our attention to σ-families having χ σ m,m ′ = 1 (and hence E σ
Let E be an equivariant quasi-coherent sheaf on the toric variety X = X(∆) (see [34] for detail definition of equivariant sheaves). The T -action on E gives rise to an isomorphism Φ t :
− E for all t ∈ T . This induces an action of T on the space of global sections E σ := Γ(U σ , E) given by For each pair τ σ, we denote by i τ σ : U τ ֒ U σ the inclusion. Let E σ be a σ-family.
We denote by E σ : [34, Section 5.2] ) and hence corresponds to a τ -family (by the above equivalence of categories), which we denote by i * τ σ E σ . Going from affine toric varieties to general toric varieties, following notion of ∆-families was introduced by Perling. 
σ, τ and τ σ, the following diagram commutes: In order to classify equivariant coherent sheaves, Perling introduced the following notion of finite ∆-family. 
. If E is an equivariant torsion free sheaf of rank r on X. Then for all σ ∈ ∆ and m ≤ σ m ′ , the maps in the following diagram are injective (see [34, Proposition 5.13 ]):
Hence the following composition forms a directed partially ordered family whose direct limit can be identified with E 0 , here 0 denotes the zero cone. Note that we have the following isotypical decomposition
) and the homomorphisms χ 0 m,m ′ are isomorphisms. Hence we can identify E 0 = kχ m ⊕ · · · ⊕ kχ m (r times) and thus it is a finite dimensional vector space of dimension r. Also the natural [34, Corollary 5.16] ).
Thus all the vector spaces in the ∆-family E ∆ can be realized as vector subspaces of E 0 .
The above technical reformulation of the finite ∆-family leads to the following definition of family of multifiltrations. and let for each σ ∈ ∆ a set of vector subspaces {E σ m } m∈M of V be given. We say that this system is a family of multifiltrations of V if:
respect to the preorder ≤ σ the ascending chains m + i · m τ for i ≥ 0. By condition (iv) and because V is finite dimensional the sequence of subvector spaces E σ m+i·mτ necessarily becomes stationary for some i τ m ∈ Z. We require that E 
, we get an increasing full filtrations:
The following theorem shows that any equivariant reflexive sheaf arises from such filtrations. The following proposition provides a necessary and sufficient condition for an equivariant reflexive sheaf to be locally free. 
Then the associated filtrations (L, {L ρ (i)} ρ∈∆(1) ) are given by:
Next we obtain the filtrations for the dual of an equivariant torsion free sheaf following the proof of [33, Proposition 4.24] which will be useful to obtain the filtrations of the tangent bundle from that of the cotangent bundle.
Let E be an equivariant torsion free sheaf with associated family of multifiltrations {E σ m } m∈M of the vector space E 0 . Then the filtrations associated to its dual reflexive sheaf E * are given by F,
is an M -graded finitely generated free k[S ρ ]-module of rank r (see [34, Proposition 5.20] ). We can write
where e 1 , . . . , e r are homogeneous elements with deg e j = m j for j = 1, . . . , r. Equivalently, the
Then for every j we have:
We denote by L ρ j the direct limit of the directed family {(L ρ j ) m } m∈M . Then we see that (L ρ j ) m ∼ = L ρ j for all m ≥ ρ m j . In particular, we have the identification L ρ j = ke j . Thus for i = m, v ρ we have
There is an action of T on the vector space L ρ j as follows:
Since direct limits commutes with direct sum, we have E ρ = r j=1 L ρ j and thus we get a diagonal action of T on E ρ as follows:
Furthermore we have
Then using the following commutative diagram we can transfer the T -action to E 0
and from (2.6) we have
L ′ ρ j and hence F ρ = (E ρ ) * . As before we get a diagonal action of T on F ρ as follows:
Using the dual diagram of (2.7), we transfer the T -action to (E 0 ) * . Thus we have
Hence we get the desired filtrations for E * .
Remark 2.2. 15 . Let E and F be an equivariant reflexive sheaves with associated filtrations (1) and F 0 , {F ρ (i)} ρ∈∆(1) respectively. Then arguing similarly as in the proof of Proposition 2.2.14, the filtrations associated to their sum and tensor product are given as follows:
Proposition 2.2. 16 . Let X = X(∆) be a nonsingular complete toric variety of dimension n.
Then the filtrations Ω, {Ω ρ (i)} ρ∈∆(1),i∈Z associated to the cotangent bundle Ω X are given by . . , u n be the corresponding dual basis of M . Then we have
Thus
Hence taking m = u j , we can identify L σ j = k dz j for j = 1, . . . , n. Note that from the proof of [33, Proposition 4.24] , we have
Thus from (2.9), we get E ρ (1) = k dz 1 ⊕ · · · ⊕ k dz n which can be identified with
Then from from (2.9), we get (2.10)). Thus we get the desired filtrations, which we denote
The following corollary is immediate from Proposition 2. Then the filtrations T , {T ρ (i)} ρ∈∆(1),i∈Z associated to the tangent bundle T X are given by We consider stability in the sense of Mumford-Takemoto, which is also known as µ-
We say E is unstable if it is not semistable. 
Characterization of equivariant subsheaves of an equivariant sheaf
We characterize all equivariant subsheaves of a torsion free equivariant sheaf. From now onwards, we take the underlying field k = C. 
The isotypical decomposition of both the spaces are given by
Thus we obtain σ-families F σ and E σ associated to F and E respectively together with
The ∆-family associated to E (respectively, F) encodes the data for gluing the sheaves E σ := E| Uσ (respectively, F σ := F| Uσ ) on the affine open sets U σ . Since the gluing data of F is the restriction of the gluing data of E, we get the following commuting diagram as τ -families, where τ σ: 
Hence we can realize all the spaces E σ m as subspace of the space E 0 and the spaces F σ m as subspace of the space F 0 such that the collection of subpaces {E σ m } m∈M (respectively, {F σ m } m∈M ) of E 0 (respectively, F 0 ) forms a family of multifiltrations. We have F σ m ⊆ E σ m ∩ F 0 for all σ ∈ ∆ and m ∈ M . For the reverse inclusion, note that we have the following commutative diagram: 
The following proposition provides a combinatorial criterion of (semi)stability of equivariant 
Since subsheaf of a torsion free sheaf is again torsion free, using Proposition 3.0.1 and Remark 2. 3.2 the proposition follows.
The following remark will be helpful for determining which subsheaves of the tangent bundle have maximum possible slope. 
Since we are interested in subsheaves of T X with maximum possible slope and degree of D ρ are positive (see Remark Proof. Let us fix some ample divisor H on P n . Let ∆ denote the fan of P n in the lattice N = Z n .
Let e 1 , . . . , e n denote the standard basis of Z n and set e 0 = −e 1 −· · ·−e n . Then the fan consists of n + 1 rays e 0 , e 1 . . . , e n and n + 1 maximal cones Cone(e 0 , . . . , e i , . . . , e n ), where i = 0, . . . , n. We can assume n ≥ 2 since the statement is trivial for n = 1. The divisors D 0 , . . . , D n corresponding to the rays e 0 , e 1 . . . , e n are all linearly equivalent and hence we have deg D 0 = . . . = deg D n .
Note that µ(T P n ) = (1 + 1 n )deg D 0 . By Remark 3.0.4, let F be a proper equivariant reflexive subsheaf of T P n of rank l < n with associated filtrations F, {F ρ (i)} ρ∈∆(1) i∈Z where F = Span(F ∩ ∆(1)). Then we see that 
− v s + a 1 e 1 + · · · + a r e r and e 0 = −e 1 − · · · − e r .
The rays of ∆ are given by v 0 , v 1 . . . , v s , e 0 , e 1 , . . . , e r and the maximal cones are given by . . , e i , . . . , e r ), for all j = 0, . . . , s and i = 0, . . . , r.
There is the following relations among the T -invariant prime divisors:
(4.1)
Hence we have
By (4.2), it follows that D v 0 and D e 0 generate Pic(X). Now we show that D v 0 and D e 0 are not linearly equivalent. Consider the wall . . , e j , . . . , e k , . . . , e r ), where 0 ≤ i ≤ s, 0 ≤ j < k ≤ r.
We can write τ = Cone(τ, e j )∩Cone(τ, e k ) and hence the wall relation is given by e 0 +e 1 · · ·+e r = 0. Thus D v 0 · V (τ ) = 0 and D e 0 · V (τ ) = 1 (see Proposition 2.1.1) which implies that D v 0 and D e 0 are not numerically equivalent and hence not linearly equivalent. This also shows that D v 0
and D e 0 are Z-linearly independent and hence we have, Pic(X) = ZD v 0 ⊕ ZD e 0 . In particular, the anticanonical divisor is given by Note that the walls are of the following three types: is given by v 0 + · · · + v s − a 1 e 1 − · · · − a r e r = 0, which implies D v 0 · V (τ {i,j},0 ) = 1 and D e 0 · V (τ {i,j},0 ) = 0 (see Proposition 2.1.1) . This gives
Similarly, the wall τ {i,j},k = Cone(τ {i,j},k , v i ) ∩ Cone(τ {i,j},k , v j ) gives the relation v 0 + · · · + v s + a k e 0 + b 1 e 1 + · · · + e k + · · · + b r e r = 0
Finally the wall relation for τ i,{j,k} = Cone(τ i,{j,k} , e j ) ∩ Cone(τ i,{j,k} , e k ) is as follows e 0 + e 1 · · · + e r = 0.
So we get D v 0 · V (τ i,{j,k} ) = 0 and D e 0 · V (τ i,{j,k} ) = 1. Hence we have The second part of the proposition follows from (4.3).
We fix a polarization H = aD v 0 + bD e 0 , a, b > 0. Note that from (4.2), we have From (4.3), we have
Denote by α = s + 1 − a 1 − · · · − a r s + r and β = r + 1 s + r , then α < 1 and 0 < β ≤ 1. Next let us consider X = P(O r P s ⊕ O P s (1)), where s, r ≥ 1. Then the relations in (4.2) simplifies to the following form
Proof. We first compute H s+r−1 as follows.
From (4.11), we have From (4.12) and (4.13) we see that Now see that
Similarly, we can see that 
The following lemma is very crucial in studying the stability of the tangent bundle of P(O r P s ⊕ O P s (1)), where s, r ≥ 1. F is a proper subsheaf of T X } it is enough to consider the following cases: 
⇐⇒ deg D e 0 (≤) < (sr + s + r) s(r + 1) deg D v 0 (see (4.10)). Now the theorem follows by Lemma 4.2.3.
The following remark is useful for studying (semi)stability of tangent bundle of product of nonsingular Fano varieties.
Remark 4.2. 6 . Let Y 1 and Y 2 be two nonsingular Fano varieties of dimension n 1 and n 2 respectively. Then X = Y 1 ×Y 2 is also a nonsingular Fano variety whose dimension is n = n 1 +n 2 .
Also one can see that we have the following:
(1) The tangent bundle T X is unstable whenever (a 1 , . . . , a r ) = (0, 0, . . . , 0, 1) and a r > 0.
(2) If r = 1 and a 1 = 1, the tangent bundle T X is unstable for s ≥ 2. It is strictly semistable for s = 1. 1 (β, γ) ). Let ∆ be the fan of X whose rays are given by u 0 = (−1, 0, α, β), u 1 = (1, 0, 0, 0) , v 0 = (0, −1, 0, γ), v 1 = (0, 1, 0, 0) and e 0 = (0, 0, −1, −1), e 1 = (0, 0, 1, 0), e 2 = (0, 0, 0, 1), and the maximal cones are given by
Cone(e 0 , . . . , e i , . . . , e 2 ) + Cone(u j , v k ), where 0 ≤ i ≤ 2 and 0 ≤ j, k ≤ 1.
We have the following relations
v 0 = 0 and hence we see that
Using the relations (ii) F = Span(u 0 , u 1 , e 1 ), then µ(F) = 76.5.
(iii) F = Span(v 0 , v 1 , e 2 ), then µ(F) = 76. 5 .
rank(F) = 3
(i) F = Span(e 0 , e 1 , e 2 , u 0 , u 1 ), then µ(F) = 99.
(ii) F = Span(e 0 , e 1 , e 2 , v 0 , v 1 ), then µ(F) = 99.
Hence we see that T X is stable.
Stability of tangent bundle of
with associated fan ∆. The rays of ∆ are given by w 0 = (−1, 0, 0, α), w 1 = (1, 0, 0, 0), z 0 = (0, −1, −1, β), z 1 = (0, 1, 0, 0), z 2 = (0, 0, 1, 0), e 0 = (0, 0, 0, −1), e 1 = (0, 0, 0, 1) and the maximal cones are given by
We have the following relations:
z 0 = 0 and hence
Also we have (1) T X is unstable for (α, β) = (1, 1), (1, 2) and (−1, 2).
(2) T X is stable for (α, β) = (−1, 1).
Proof.
(1) Proof follows from the following table where F denotes the equivariant reflexive subsheaf of T X corresponding to the subspace F of 
, O X (D e 0 + D e 1 ) are the only rank 1 equivariant reflexive subsheaves of T X and all of them has degree less than µ(T X ).
Next we consider higher rank equivariant reflexive subsheaves of T X . The maximum possible slopes can occur only from the following situations.
rank(F) = 2 (i) F = Span(e 0 , e 1 , z j ) for j = 0, 1, 2, then µ(F) = 76.
(ii) F = Span(w 0 , w 1 , e 0 , e 1 ), then µ(F) = 98.
rank(F) = 3
(i) F = Span(e 0 , e 1 , z 0 , z 1 , z 2 ), then µ(F) = 96.
(ii) F = Span(w 0 , w 1 , e 0 , e 1 , z j ) for j = 0, 1, 2, then µ(F) = 88.
Hence in this case T X is stable. 5 . 3 . Stability of tangent bundle of P 1 -bundle over P(O P 2 ⊕ O P 2 (a 1 )), a 1 = 1, 2. Let
). The rays of the fan ∆ of X are v 0 = (−1, −1, a 1 , α), v 1 = (1, 0, 0, 0), v 2 = (0, 1, 0, 0), e ′ 0 = (0, 0, −1, β), e ′ 1 = (0, 0, 1, 0), e 1 = (0, 0, 0, 1), e 0 = (0, 0, 0, −1) and the maximal cones are Cone(v 0 , . . . , v j , . . . , v 2 , e ′ p , e q ), where j = 0, 1, 2 and 0 ≤ p, q ≤ 1.
Note that we have the following relations
Hence Pic(X) = ZD v 0 ⊕ ZD e ′ 0 ⊕ ZD e 0 . Using Toric Nakai criterion and the fact that
) for any divisor D on X ′ , we only need to consider the following cases (comparing with the primitive relations listed in [1, Proposition 3.1.2] ): (−1, 1) )
where X ′ = B 1 for a 1 = 2 and X ′ = B 2 for a 1 = 1 from the notations of [1, Remark 2. 5.10] .
Let H = aD v 0 + bD e ′ 0 + cD e 0 . We have the following relations
So we have 
Proof. Proof follows from the following table α, β) ). The rays of the fan ∆ of X are given by: v 1 = (1, 0, 0, 0) , v 2 = (0, 1, 0, 0), v 3 = (−1, 1, 0, α) , v 4 = (0, −1, 0, β) e 0 = (0, 0, −1, −1), e 1 = (0, 0, 1, 0), e 2 = (0, 0, 0, 1), and the maximal cones are given by
Cone(e 0 , . . . , e j , . . . , e 2 ) + Cone(v i , v i+1 ), where j = 0, 1, 2 and 1 ≤ i ≤ 4.
Now we have the following relations
Hence Pic(X) = ZD v 3 ⊕ ZD v 4 ⊕ ZD e 0 . Note that using Toric Nakai criterion we see that
is Fano if and only if α = 0, β = 0, 1. We consider the case for (α, β) = (0, 1), i.e. X = D 11 in the notation of [1, Section 4]). 0, 1) ). Then T X is unstable.
Now we compute the following intersection products Let F = Span(e 1 , e 2 , e 0 ). Then it corresponds to a rank 2 destabilizing reflexive subsheaf F of T X with µ(F) = 121. 5 . Hence T X is unstable.
Stability of tangent bundle of
The rays of the fan ∆ of X are given by v 0 = (−1, 0, 1, α) , v 1 = (1, 0, 0, 0), e ′ 1 = (0, 1, 0, 0), e ′ 2 = (0, 0, 1, 0) e ′ 0 = (0, −1, −1, β), e 1 = (0, 0, 0, 1), e 0 = (0, 0, 0, −1) and the maximal cones are given by Cone(v i , e ′ 0 , . . . , e ′ j , . . . , e ′ 2 , e k ) for i = 0, 1, j = 0, 1, 2 and k = 0, 1.
Hence Pic(X) = ZD v 0 ⊕ ZD e ′ 0 ⊕ ZD e 0 . Now using Toric Nakai criterion one can see that 
Proof. The anticanonical divisor is given by −K X 
Furthermore, we have the following relations Hence µ(T X ) = 116 β = 1 140 β = 2. Note that O X (D e 0 + D e 1 ) is a rank 1 reflexive subsheaf of T X , whose degree is given by
Hence T X is unstable. 5 . 6 . Stability of tangent bundle of blow up of P 2 on P(O P 3 ⊕ O P 3 (a 1 )), a 1 = 0, 1, 2. Let
The fan ∆ ′ associated to X ′ is given as follows. Let u 1 , u 2 , u 3 be the standard basis of Z 3 and e ′ 1 be that of Z. e 1 = (0, 0, 0, 1), e 0 = (0, 0, 0, −1), u τ = (−1, −1, −1, a 1 + 1).
Note that X = E 1 , E 2 , E 3 for a 1 = 2, 1, 0 respectively in the notation of [1, Section 4] .
(1) T X is unstable for a 1 = 1, 2.
(2) T X is stable for a 1 = 0.
Proof. Let −K X = aD v 0 + 2D e 0 + bD uτ , where a = 4 − a 1 and b = 3 − a 1 . Note that we have D e 0 D uτ = 0, D e 0 D e 1 = 0 and D v 0 D e 1 = 0. So we have
Furthermore, we have
(1)a 1 = 2: Here a = 2, b = 1. We compute that deg D 
Next we consider reflexive subsheaves of T X of rank 2 and 3. The maximum possible slopes can occur only from the following situations. (ii) F = Span(v 0 , v 1 , e 0 , e 1 , u τ ), then µ(F) = 87.
Hence in this case T X is stable. 5.7 . Stability of tangent bundle of G 1 -G 6 in the notation of [1, Section 4] . Let X = G 1 .
We write down the associated fan ∆ using the primitive relations from [1, Proposition 3.1.2]).
The rays of ∆ are 
Hence Proof. We have
Using the following relations
is a destabilizing subsheaf of T X with degree 181, hence T X is unstable.
The fan ∆ ′ associated to X ′ is given as follows. Let u 1 , u 2 be the standard basis of Z 2 and e ′ 1 , e ′ 2 also denote the standard basis of Z 2 . Set v i = (u i , 0, 0) for i = 1, 2 and e j = (0, 0, e ′ j ) for j = 1, 2, e 0 = −e 1 − e 2 and v 0 = −v 1 − v 2 + αe 1 + βe 2 . Then ∆ ′ (1) = {v 0 , v 1 , v 2 , e 0 , e 1 , e 2 } and the maximal cones are of the form . . , e j , . . . , e 2 ) for i, j = 0, 1, 2.
Note that Pic(X ′ ) = ZD v 0 ⊕ ZD e 0 . Proof. Then the rays of the fan ∆ associated to X are as follows v 1 = (1, 0, 0, 0), v 2 = (0, 1, 0, 0), v 0 = (−1, −1, 0, 1), e 1 = (0, 0, 1, 0) e 2 = (0, 0, 0, 1), e 0 = (0, 0, −1, −1), u τ = (−1, −1, 0, 2).
Hence Pic(X) = ZD v 0 ⊕ ZD e 0 ⊕ ZD uτ . Then the anticanonical divisor is −K X 
Using the following relations
we have deg D v 0 = 44, deg D e 0 = 111, deg D uτ = 29 and µ(T X ) = 112. 5 . Note that deg D e 1 = 111 and deg D e 2 = 9. Now consider F = Span(e 0 , e 1 , e 2 ), which corresponds to a rank 2 reflexive subsheaf of T X with slope 115. 5 . Hence T X is unstable.
Proposition 5.7. 3 . Let X be the blow up of V (τ ) on X ′ , where τ = Cone(v 1 , v 2 , e 0 ) ∈ ∆ ′ and α = 1, β = 1 (note that X = G 3 in the notation of [1, Section 4]). Then T X is unstable.
Proof. Then the rays of the fan ∆ associated to X are as follows v 1 = (1, 0, 0, 0) , v 2 = (0, 1, 0, 0), v 0 = (−1, −1, 1, 1 ), e 1 = (0, 0, 1, 0) e 2 = (0, 0, 0, 1), e 0 = (0, 0, −1, −1), u τ = (1, 1, −1, −1, ).
Using the following relations (α, β) = (0, 0), (0, 1) and (1, 1) (note that X = G 6 , G 4 , G 5 respectively, in the notation of [1,
Section 4]). Then T X is stable.
Proof. Then the rays of the fan ∆ associated to X are as follows v 1 = (1, 0, 0, 0), v 2 = (0, 1, 0, 0), v 0 = (−1, −1, α, β), e 1 = (0, 0, 1, 0) e 2 = (0, 0, 0, 1), e 0 = (0, 0, −1, −1), u τ = (−1, −1, α − 1, β − 1).
Hence
Now consider the following cases.
(α, β) = (0, 0) : Then a = 3, b = 5. Using the following
we have deg D v 0 = deg D e 0 = 36, deg D uτ = 37 and µ(T X ) = 100. 25 . Note also that deg
Next we consider rank 2 equivariant reflexive subsheaves of T X . We list those having maximum possible slope below.
(i) F = Span(v 0 , e 0 , u τ ), then µ(F) = 54.5.
(ii) F = Span(v 0 , v 1 , v 2 ) or Span(e 0 , e 1 , e 2 ), then µ(F) = 91.
Finally we list rank 3 equivariant reflexive subsheaves of T X possibly having maximum slope.
(i) F = Span(v 0 , e 0 , e 1 , e 2 , u τ ) or Span(v 0 , v 1 , v 2 , e 0 , u τ ), then µ(F) = 85.
(ii) F = Span(e 0 , e 1 , e 2 , v 1 ), then µ(F) = 85.
Hence T X is stable.
(α, β) = (0, 1) : Then a = 2, b = 4. Using the following Next we list down rank 2 equivariant reflexive subsheaves of T X possibly giving maximum slope.
(i) F = Span(e 0 , e 1 , e 2 ), then µ(F) = 99.
(ii) F = Span(v 0 , e 0 , u τ ), then µ(F) = 68.
Finally consider the following rank 3 equivariant reflexive subsheaves of T X contributing to maximum slope.
(i) F = Span(v 0 , e 0 , e 1 , e 2 , u τ ), then µ(F) = 90. 33 .
(ii) F = Span(v 1 , v 2 , e 1 , u τ ), then µ(F) = 97.
(iii) F = Span(v 0 , v 1 , v 2 , e 2 ), then µ(F) ∼ 66.67.
(iv) F = Span(v 1 , e 0 , e 1 , e 2 ), then µ(F) = 90. 33 .
(α, β) = (1, 1) : Then a = 1, b = 3. Using the following
we have deg D v 0 = 28, deg D e 0 = 81, deg D uτ = 45 and µ(T X ) = 101. 5 . Note also that deg
(i) F = Span(v 1 , v 2 , u τ ), then µ(F) = 95.5.
(ii) F = Span(v 0 , e 0 , u τ ), then µ(F) = 77.
(iii) F = Span(e 0 , e 1 , e 2 ), then µ(F) = 93. 5 .
Finally we list rank 3 equivariant reflexive subsheaves of T X having maximum possible slope.
(i) F = Span(v 0 , e 0 , e 1 , e 2 , u τ ), then µ(F) ∼ 86.67.
(ii) F = Span(v 0 , v 1 , v 2 , e 0 , u τ ), then µ(F) = 100.
(iii) F = Span(v 1 , e 0 , e 1 , e 2 ), then µ(F) ∼ 86.67.
In the following table we summarize results regarding stability of tangent bundle of toric Fano 4-folds obtained in this paper, following the notations of Batyrev [1, Section 4]. 
D k+i ∼ lin D i + c 1,i D k+1 + · · · + c i−1,i D k+i−1 for i = 3, . . . , k. Now we will show that the vector bundle E 1,2 is stable with respect to a suitable choice of polarization. Since D 2 k+1 = 0, without loss of generality we can assume α 1 ≤ 1. Now if α 2 > 1 using relations in (6.1) and observing that v 2 and v k+2 do not form a cone, we can write
where β 1 ≤ 1 if the monomial is non-zero.
Hence we have reduced the exponent of D k+2 by one and repeating this process we can write D α as a non-negative integral combination of monomials of the form D β = D β 1 k+1 · · · D β k 2k with β 1 , β 2 ∈ {0, 1} and β 3 = α 3 , . . . , β k = α k .
At the i-th stage, we arrive at monomials of the form D α , where α 1 , . . . , α i−1 ∈ {0, 1}. Suppose α i > 1. Then again using relations in (6.1) and observing that v i and v k+i do not form a cone, we can write D α as a non-negative integral combination of monomials of the form D β 's with β i < α i and β i+1 = α i+1 , . . . , β k = α k . If β j > 1 for some j = 1, . . . , i − 1, appealing to Stage j, we will write this monomial as a non-negative integral combination of monomials of the form D β ′ 's with β ′ 1 , . . . , β ′ j ∈ {0, 1} and β ′ j+1 = β j+1 , . . . , β ′ k = β k . Hence eventually we write D α as a non-negative integral combination of monomials of the form D γ 's with γ 1 , . . . , γ i ∈ {0, 1} and γ i+1 = α i+1 , . . . , γ k = α k . Continuing this process at the k-th stage we can express D α in the desired form. 
